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Abstract. We study the invariant subspaces of abelian operator algebras of 
finite split strict multiplicity. We give sufficient conditions for the refiexivity 
and hereditary refiexivity of these algebras. 



Let A C B(X) be a strongly closed algebra of operators on a Banach space A. 
We denote by Lat(A) the set of all closed subspaces of X that are invariant for 
every a G A. Let algLat(A) = {T G B(X) \ TK C K, for every K G Lat(A)}. 

An algebra A is called reflexive if A = algLat(A). More generally, a subspace 
C C B(X) is called reflexive if for every T G B(X) such that Ta; 6 £x, for every 
x G X, it follows that Te£. An algebra A is called hereditarily reflexive if every 
strongly closed subspace £ C A is reflexive. 

In [1], A. Lambert initiated the study of strictly cyclic algebras and proved that 
a unital, strictly cyclic, semisimple operator algebra on a Hilbert space is reflexive. 
In [6] the result of Lambert is extended to the case of Banach spaces and is proven 
that every norm closed, abelian, unital, semisimple, strictly cyclic algebra is in 
addition hereditarily reflexive. In this paper we investigate the similar problem for 
algebras of finite strict multiplicity. In [3] an algebra A C B(X) is said to be of 
strict multiplicity p G N (denoted by s.m.(A) — p), if there are Xi,X2, ...,x p G X 
such that X — linear span {axi a G A; i = 1,2, ...,p}. 

We will consider a special case of algebras of finite strict multiplicity, namely 

algebras of finite split strict multiplicity. An algebra A C B(X) is said to be of split 

strict multiplicity p £ N (denoted by s.s.m(A) — p) if there are x\,X2, ■■-,x p G X 

v 

such that the subspaces {axi | a G A} = Xi are closed and X = ^2 © Xi. 

»=i 

Proposition[T]and Remark [2] below provide a characterization of abelian operator 
algebras of split strict multiplicity 2. In particular, if A C B(X) is strictly cyclic, 
then A^ = {a © a \ a G A} C B(A © A) is the simplest example of an algebra of 
split strict multiplicity 2. 

Proposition 1. Let A C B(X) be an abelian, unital, norm closed algebra of strict 
split multiplicity p. Then there exist closed ideals 1^ C A, k = 1,2, cmc? Banach 
space isomorphisms : A/ Ik — > Ar/j suc/i £/iat; 

(i) Sk((p k (a)) = ax k . 

v v 

(ii) S 1 = © Sfc : © A/7fe — > A is a Banach space isomorphism. 

k=i fe=i 
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P 

(iii) The mapping T : A —> B( 2 © A/ Ik) defined by Ta — S~ 1 aS is a Banach 

k=l 

algebra isomorphism. 

(iv) If p — 2, Ii + I 2 is closed. 

Proof. Let Ik = {a S A \ axk — 0}, k = 1,2,..., p. Clearly, Ik are closed ideals 
of A. Let Sk ■ A/Ik be defined by Sk(}Pk{a)) = axk- Then Sk is well 

defined, one to one and onto for all k = 1,2, ...,p. To see that Sk is continuous, let 
{in}n C A be such that ipk(a n ) — > 0. Then there is a sequence {ifc in }„ C Ife such 

that a„ + ik n — > in the norm of A. It the follows that (a„ + ik. n )xk —> 0. Since 

n n 

ife,n £ ^fc it follows that a n Xk — > 0, so Sk is a continuous, one-to-one, onto mapping 

n 

between the Banach spaces A/Ik and Axk- By the open mapping theorem, Sk is a 
Banach space isomorphism. 

Conditions (ii) and (iii) are straightforward to ckeck. We verify next condition 
(iv)- 

Let a n = i\ „|t'a„ — > ao, where {ii n } C Ji and {«2,n} C Ii- Then, in particular, 
the restriction a„| Xi = *2,nlxi ~* a °lxi- On ^ ne other hand, «2,n|j( 2 = for every 
rt G N. It then follows that the sequence {«2,n} is convergent in norm. Since 1% 
is norm closed, it follows that there exists ii G 1% such that i<i n — ► «2- Hence 

' n 

a n — i2, n — * ao ~ *2 in norm and since a„ — Z2,n = € I\ and 2j is closed, we have 
ao — «2 = i\ € ii, and thus ao = «i + «2 and 2j + J2 is closed as claimed. 

□ 

Remark 2. Let A be an abelian, unital Banach algebra and I\,l2 be two closed 
ideals such that I\ + I2 is closed and I\ fl I2 = (0). Then the mapping a — * T a 6 
B(A/Ii © A/I2) where T a (y>i(ai) ^2(02)) = yi(aai) © ^2(002) is a continuous 
embedding of A into B{A/h ®A/I 2 ). 

By Proposition!]] any abelian, unital, norm closed A C B(X), (X Banach space) 
with s.s.m(A) = 2 is spatially isomorphic with {T a | a G A} if 7^ = {a G A | ai^ = 
0}, for k — 1,2. 

Remark 3. (i) Let A C B{X) be an abelian, unital, norm closed subalgebra with 
s.s.m.(A) = 2. Then, the subspace D 2 — {ax\ © ax2 \ a G A} C X is closed. 

Indeed, let {a n } C A be such that a n x\ © a n x 2 — > asi © 62:2 € -X"- Then, by 
Proposition [l] tpi(a n — + y>i(a) and ip 2 (a n ) — ► ^2(6)- Therefore, there are sequences 
{*i n} C ii, {«2,n} C I2 such that a„ + i\ n — > a and a„ + n — > 6. Hence 

i\.n — i2.11 —> a — b. By Proposition [1] (iv), a — b G Ji + ^2, so there exist ii G I\, 

5 n 

?2 G ^2 such that a — b = i\ — i 2 - Hence a — i\ = b — i%. Let ao = a — i\ = b — i%. 
Then a^x\ = ax\ and ao£2 = bx 2 , so a n x\ © a n X2 — ► aoa;i © aoX2 G I?2- 

n 

(ii) Let A C B(X) be an abelian, unital, strongly closed subalgebra with s.s.m.(A) = 
peN. Then D p = {axi © aa; 2 © ... © ax p \ a G A} C X is closed. 

Indeed, let {a„} C ^4 be such that a„i£i©a„a;2ffi...ffia„a;„ — » bi^i ®...®b p x p G X. 

n 

Then, since A is abelian, for every Cj € A, j = 1,2, Hence 

p p 

a„( CjXj) — + ^2bjCjXj. Therefore the sequence {a n x} is convergent for every 
j=i j=i ^ 

x G X. Since A is strongly closed, there is ao G A such that a„x — > aox for all 

x G X. Hence a„xi © a„a;2 © ... © a n x p = a„(a;i © ... © x p ) — > ao(^i © ■•■ © £j>) = 
ao^i © aoa; 2 © ... © a x p G D p 
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(iii) Let A C B(X) be an abelian, unital, norm closed subalgebra with s.s.m.(A) = 
p € N. Let M C A be a maximal ideal. Then the subspaces A4xj — {mxj \ m G 
■M} CX,j = 1, —,p, are closed. 

Indeed, the statement follows if we show that M + Ij is closed. If Ij C M. then 
M + I j ■ = M. If Ij % M then M + Ij = A. In either case M + Ij is closed. 

In what follows we will denote by IZj the radical of the (abelian, unital) Banach 
algebra A/Ij, i.e. the intersection of all the maximal ideals of A/Ij. The next 
result shows that every abelian, unital, strongly closed subalgebra A C B(X), with 

s.s.m.(A) = p G N is reflexive modulo the radicals. 

p p 
By Proposition Q] we can assume that X = ^ (B A/Ij and T a (^ © l Pj{ a j)) = 

j=i i=i 

p 

^ © (fij(aaj) for a G A 
3=1 

Theorem 4. Let /I C B(X) be an abelian, unital, strongly closed subalgebra with 

s.s.m.(A) = p G N. For every T G algLat(A) there is oq G A sucft t/iat (T — 
p 

T ao )(x) G 5^ © T^j /or even/ x G X. 

3=1 

p 

Proo/. With the identification X = £ © A/Ij and A = {T Q | a G A} from 

j=i 

p 

Proposition [U let T G algLat(A). By Remark [3] (ii) , £> p G Lai(A). Since J] © 

3=1 

P P 

ipj(l) G -Dp, there is ao G A such that ©^(1)) = ®Vj( a o)- In particular, 

3=1 3 = 1 

if j G {1, 2, T(<^j(l)) = ipj(ao). Let C yl be a maximal ideal and the 

corresponding multiplicative functional on A with fcer^ = M. 

Let a G A. Then a; = *(a)l - a e M since = 0. By Remark [3] (iii), 

<Pj(M) G Lat(A). Therefore tpj(x) = *(a)^(l) - ^(a) G <^j(-M) and T(<pj(x)) = 
V(a)T(tpj(l)) -T(tpj(a)) G Hence 

(1) *(o)^(oo)-r(^(a))G^(A<) 

Since T G algLat(A), T(ipj(A)) C <^-(A). Let 6 G A be such that T(^(o)) = 
<fj(b). Using relation [1] above we get 

(2) #(a)a - be M+Ij or 

(3) <P(a)ao - b + i G M for some i € Ij. 
Applying \1/ to relation [3] we get 

(4) $(aa -6 + i) = 0. 

Hence aao — 6 G .M + Ij. It follows that ipj(aao) — T(<pj(a)) G i/Jj(.M). Since this 
holds in particular for every maximal ideal M 2 Ij, it follows that T(ipj(a)) — 
T ao (ipj(a)) G 7?.j and the proof is complete. 

□ 

Notice that in the above theorem we assumed that the algebra A C B(X) is 
strongly closed. The next result shows that if s.s.m.(A) = 2 we can assume that A 
ia only norm closed. 
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Corollary 5. Let A C B(X) be an abelian, unital, norm closed subalgebra with 
s.s.m.(A) = 2. For every T G algLat(A) there is clq G A such that (T — T ao )(x) G 
Hi © T^i for every x G X. 

Proof. The only modification in the proof of Theorem [4] is that if A is norm closed, 
Remark |3] (i) (instead of (ii)) can be applied. □ 

If A has spectral synthesis (see [TJ [5] for examples of abelian algebras that have 
spectral synthesis) then TZj = (0) for all j € {1, 2, ...,p} and we have the following: 

Corollary 6. Let A C B(X) be an abelian, unital, strongly closed subalgebra with 
spectral synthesis. If s.s.m.(A) =peN, then A is reflexive. 

Corollary 7. Let A C B(X) be an abelian, unital, norm closed subalgebra with 
spectral synthesis. If s.s.m.(A) = 2, then A is reflexive. 

We will study next the hereditary reflexivity of abelian algebras of finite split 
strict multiplicity A C B(X). We will assume that A is semisimple, i.e. that the 
intersection of all maximal, modular ideals is (0). 

It is known from [7] that any semisimple, abelian, Banach algebra has a unique 
norm topology. Notice that if A is semisimple, the quotients of A may not be 
semisimple (see [5]). 

Theorem 8. Let A C B(X) be an abelian, unital, semisimple, strongly closed 
subalgebra with s.s.m.(A) = p G N. Let L C A be a norm closed subspace. If 
T G B(X) is such that Tx G Lx for every x G X , then there exists lo G L such that 

(T - T lo )[x) eEfflKj for every x G X . 

7=1 

Proof. By Remark [3] (ii) D p is closed. By Proposition [T] we can assume that X = 
p p 
J2 © A/Ij and D p = { J2 © <Pj{a)\ a G A}. 
i=i i=i 
For a G A set 

p 

IIMH = ^ll^'^ll- 
J=l 

It is easy to see that ||| • ||| is an algebra norm on A. Since D p is closed, ||| • ||| is 

a Banach algebra norm. By ([7] Corollary 2.5.18) A has a unique norm topology. 

Hence ||| • ||| is equivalent to the original norm of A C B(X). 

p 

Let now xq = X) © </?j(l)- Then, in particular, Txq G Lxq- There exists a 
i=i 

p 

sequence {/„} C L such that Txq = lim^2 © <pj(l n ). 

n 3=1 

Since D p is closed, l n lo G A. Therefore /„ — > Iq G A in the original norm of 
A. Since L is closed, lo G L. Hence 

p p 
Tx = T{J2 © <ft (1)) = E ® ^°)- 

3=1 3=1 

P 

Repeating now the proof of Theorem 01 we get (T — Ti )(x) G ^ (BlZj for every 

j=i 

xex. 

□ 
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Using now Remark [3] (i) instead of (ii), we get: 

Corollary 9. Let A C B(X) be an abelian, unital, semisimple, norm closed sub- 
algebra with s.s.m.(A) = 2. Let L be a norm closed subspace. Lf T 6 B{X) 
is such that Tx £ Lx for every x 6 X, then there exists Iq G L such that 
(T - T io )(x) (ETZ 1 ®n 2 for every x £ X. 

If IZj = (0) for all j — 1, 2, ...,p, in particular if A has spectral synthesis, we get: 

Corollary 10. Let A C B(X) be an abelian, unital, strongly closed subalgebra with 
spectral synthesis. Lf s.s.m.(A) = p £ N, then A is hereditarily reflexive. 

Corollary 11. Let A C B{X) be an abelian, unital, norm closed subalgebra with 
spectral synthesis. Lf s.s.m.(A) = 2, then A is hereditarily reflexive. 
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